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. An added benefit of the approach is that prices of swaptions across multiple strikes can be estimated at virtually no additional computational cost. Finally, the method provides an intrinstic estimate of the pricing error, and remains feasible even when the number of factors is infinite.
T he swaps and LIBOR-based derivatives market has become by far the world's largest fixed-income market. According to the Bank for International Settlements, in 2000 the notional value in the swap market was approximately $40 trillion, of which the combined cap and swaption market totaled $9 trillion. As a consequence, the search for efficient algorithms to price caps and swaptions has received considerable attention.
1 From a practitioner's perspective, development of efficient formulas to price caps and swaptions is necessary in order to evaluate and hedge large portfolios of LIBOR-based derivatives. From an academic perspective, the great amount of data on interest rate derivatives provides an important source of information that might provide new insights into the factors that drive term structure dynamics. For an estimation procedure like maximum-likelihood to be feasible, however, it is essential that researchers have access to algorithms that provide fast and accurate estimates of derivative prices.
We propose a very fast and accurate algorithm for pricing swaptions when the underlying term structure dynamics are affine. The affine framework has become the dominant framework because of its tractability and flexibility. Affine models allow analytic solutions for the prices of both bonds and bond options, which greatly facilitates empirical investigation.
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In addition, multiple-factor affine models can be calibrated to provide a reasonably good fit for interest rate dynamics (e.g., Dai and Singleton [2000] ), and can be improved further by modeling term structure dynamics within an "essentially affine" framework (Duffee [2002] ). Further, under certain parameter conditions, affine models are consistent with the empirical observation that derivative securities cannot be hedged by positions in bonds alone (see Collin-Dufresne and Goldstein [2002] ).
Finally, if one models forward rate dynamics as affine within a Heath, Jarrow, and Morton [1992] framework, or, more generally, in a random field framework, one still maintains the tractability inherent in the finite-state variable affine models (Collin-Dufresne and Goldstein [2001] ).
3 Unfortunately, closed-form solutions for swaptions apparently do not exist for multiple-factor affine models. Intuitively, this is because a swaption can be most readily interpreted as an option on a coupon bond, or, equivalently, an option on a portfolio of bonds. Thus, even in the simplest of models, where it is assumed that future bond prices are lognormally distributed, the future value of such a portfolio of bonds would be described by a probability density composed of a sum of lognormals, which has no known analytic solution. It seems unlikely that exact closed-form solutions will ever be found for swaption prices. Hence, an efficient algorithm for estimating swaption prices appears essential. Define today as date t, and the exercise date of the swaption as date T 0 . Further, define (T 1, …, T N ) as the dates that the coupon payments are made, where by construction t < T 0 < T 1 < … < T N . A swaption is effectively an option on a coupon bond with these payment dates, and the date t price of a swaption with strike K is related to the probability that it ends up in the money. Define CB(T 0 ) as the date T 0 price of this coupon bond. Then, at date t, the value of the swaption depends on the probability that the value of the coupon bond ends up higher than the strike price: π(CB(T 0 ) > K ).
The insight of our approach is to note that, even though the probability density π(CB(T 0 ) ) does not have an analytic solution, within an affine framework, all of the moments for any finite integer m do have analytic solutions.
We use the first m ∈ (1, M ) moments to approximate the density approx π approx (CB(T 0 ) ), which in turn provides an estimation of the swaption price. From these first M moments, the first M cumulants of the distribution are uniquely identified. Then π(CB(T 0 ) ) is estimated by performing an Edgeworth expansion. The Edgeworth expansion is particularly advantageous as it permits swaption prices to be written as sums of terms, each of which involves at worst the cumulative normal function. Hence, no numerical integrations are ever performed.
Several other approximation schemes have been proposed in the literature. For example, Singleton and Umantsev [2001] propose an approximation for coupon bond options by approximating the exercise boundary with a linear function of the state variables (i.e., a hyperplane). They show that their technique dominates the speed and accuracy of the stochastic duration approach developed by Wei [1997] and Munk [1999] . They report that it takes approximately 1.4 seconds to estimate the price of a swaption in a two-factor CIR model with an absolute pricing error of ~ (5 ϫ 10 -4 ). The Singleton-Umantsev approach, however, does not appear to provide an estimate of the magnitude of the pricing error. Further, a separate (and thus computationally costly) approximation needs to be performed for every strike of interest. Finally, the approach becomes infeasible when the number of state variables becomes large.
In comparison, for the case of a three-factor Gaussian model, our algorithm prices a 2-10 swaption in approximately 0.05 seconds, while obtaining a pricing accuracy of a few parts in 10 -6
. Additionally, the highestorder term in the expansion provides an intrinsic estimate of the magnitude of the pricing error.
Furthermore, our approach also provides swaption prices across multiple strike prices at virtually zero computational cost, which is advantageous in pricing a portfolio of swaptions or dealing with a panel data set in empirical work. Finally, our approach remains efficient for arbitrarily large dimensions. Indeed, Collin-Dufresne and Goldstein [2001] demonstrate that swaption prices can be estimated quickly and accurately even for the infinite-factor, or random field, affine models.
Other approximation schemes for pricing swaptions have been proposed for Gaussian, affine, and so-called market models. For multifactor Gaussian models, Brace and Musiela [1995] obtain a formula in terms of a multidimensional Gaussian integral. For simple affine models, the problem can also be reduced to a multidimensional integral that can be solved by quadrature. For dimensions higher than two, however, the problem often becomes numerically very burdensome, and approximations such as the one-dimensional approximation proposed in Brace and Musiela [1995] become imprecise.
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Lacking an efficient and accurate pricing formula for coupon bond options has led to the development of the so-called swap market model (Jamshidian [1997] ), which is closely related to the LIBOR market model of Brace, Gatarek, and Musiela [1997] . By choosing a suitable distribution of the forward swap rate underlying the swaption, it is possible to obtain a closed-form (and arbitrage-free) solution to the swaption price. Indeed, this solution resembles the simple Black formula, and thus can easily be calibrated to market quotes.
Yet it is well known that the assumptions leading to closed-form solutions for swaptions in the swap market model (namely, lognormally distributed forward swap rates) are inconsistent with the assumptions leading to closed-form solutions for caps and floors in the LIBOR market model (namely, lognormally discrete forward LIBOR). Empirical evidence also seems to reject the swap market model in favor of the LIBOR market model (De Jong, Driessen, and Pelsser [2000] ).
In response, some approximation schemes have been proposed to estimate swaption prices in a standard LIBOR market model setup (Brace, Gatarek, and Musiela [1997] , Andersen and Andreasen [2000] ). Unfortunately, these schemes are uncontrolled in that there is no sense in which these approximations converge to the exact formula.
Finally, Monte Carlo techniques following Boyle [1977] have been successfully applied to pricing swaptions. Standard variance reduction techniques and control variates can improve the speed of convergence (Clewlow, Pang, and Strickland [1996] ). Even though these techniques have the potential to achieve arbitrary accuracy, they still lack the computational efficiency of closed-form approximations.
The Edgeworth expansion has been used previously in the finance literature as an approximation scheme for pricing stock and Asian and basket options (Jarrow and Rudd [1982] , Turnbull and Wakeman [1991] ).
6 Unfortunately, the pricing accuracy of the Edgeworth expansion is rather limited for these cases (see, e.g., Ju [2001] ).
This occurs because the Edgeworth expansion is basically an expansion about the normal distribution, while the underlying distributions for these three cases are not well approximated by normal distributions, but rather lognormal distributions. In contrast, the relatively low volatility associated with interest rates (σ ≈ 0.01) compared to stocks (σ ≈ 0.3) generates probability distributions for coupon bonds that are close enough to normally distributed that the Edgeworth expansion provides an excellent approximation scheme for pricing swaptions.
Fortran programs for selected examples can be found at www.andrew.cmu.edu/user/dufresne/.
I. CUMULANT EXPANSION APPROXIMATION
A European swaption at date t gives its holder the right to enter a swap at some future date T 0 . A swaption is most readily interpreted as an option on a coupon bond, where the strike is equal to the nominal of the contract, and the coupon rate is equal to the swap rate strike of the swaption. 7 We propose a very accurate and computationally efficient algorithm for pricing swaptions in a general affine framework. Following Duffie and Kan (DK [1996] ), and Duffie, Pan, and Singleton (DPS [2000] ), we characterize a general J-factor affine model of the term structure by a vector of Markov processes {X j }j = 1,…, J whose risk-neutral dynamics are such that the instantaneous drifts and covariances are linear in the state variables. Further, the instantaneous short rate is defined as a linear combination of the state variables:
Within an affine framework, DK demonstrate that bond prices have an exponentially affine form:
( 1) where the deterministic functions B 0 (τ) and {B 0 (τ)} satisfy a system of ordinary differential equations known as Ricatti equations. Furthermore, since the characteristic function of log bond prices is exponentially affine, DPS demonstrate that bond options also have analytic solutions. Unfortunately, swaption prices for multivariate models apparently do not have closed-form solutions.
In searching for an efficient algorithm to price a swaption, it is convenient to define CB(T 0 ) as the date T 0 price of the underlying coupon bond that the option is written on:
The date t price of a swaption with exercise date-T 0 and with payments C i on dates T i i = 1, …, N and strike price K is given by the expected discounted cash flows, where the expectation is under the so-called riskneutral measure:
where the last line follows from the law of iterated expectations. We sometimes use Equation (3) to estimate swaption prices. In addition, however, it is sometimes more convenient to price swaptions by calculating expectations under the so-called forward measures rather than the risk-neutral measure, as first demonstrated by El Karoui and Rochet [1989] and Jamshidian [1989] .
We do this by rewriting Equation (3) as:
where the first line on the right-hand-side comes from multiplying and dividing by P T i(t), which is an observable number at date t, so it can be placed inside or outside the expectation, and the second line follows from the definition of the forward measures.
Equation (4) can be interpreted as stating that the price of a swaption is related to a series of probabilities π T i (CB(T 0 ) ) that the underlying coupon bond will end up in the money. As emphasized by the superscript π T i , these probabilities are to be determined for each of the (N + 1) relevant forward measures (T 0 , …, T N ).
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As we have noted, the probability densities π T i (CB(T 0 ) ) do not have analytic solutions. To approximate these densities, we determine the first M moments of the distribution, each of which does have an analytic solution. That is, for each of the i = 0, 1, … , N forward measures, we determine the first m = 1, 2, … , M moments of CB(T 0 ): E 
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Since all bond prices have an exponential affine structure as in Equation (1), it follows that products of bond prices also have an exponential affine form. Hence, Equation (5) can be written as a sum of terms, each written in an exponential form: (6) where the coefficients F 0 and F j are sums of the B 0 (T i -T 0 ) and B j (T i -T 0 ) functions defined above.
Note that (CB[T 0 ]) m depends only on the state variables X j (T 0 ) in an exponentially affine manner. This implies that the date t expectation of (CB[T 0 ]) m also has an exponentially affine solution:
where the deterministic functions H 0 ( • ) and H j ( • ) satisfy a set of Ricatti equations. Hence, Equation (7) demonstrates that all moments of coupon bond prices have analytic solutions within an affine framework.
After determining the exact first M moments of CB(T 0 ) under each forward measure of interest, we estimate 
as the characteristic function of the random variable CB(T 0 ). Then the cumulants {c j } are defined via:
The n-th order cumulant is uniquely defined by the first n moments of the distribution (see, for example, Gardiner [1983] ). As a reference, the first seven cumulants are provided in Appendix A.
Armed with an explicit expression for the cumulants, we can obtain the probability density π( • ) of CB(T 0 ) by inverse Fourier transform:
We can then make use of our cumulant expansion of the characteristic function to obtain: 
Equation (13) is equivalent to Equation (12) (with α 0 = 1, α 1 = 0, α 2 = 0). We choose M = 7 because it offers an excellent balance between speed and accuracy. For parameters of interest, however, we find that:
Because it is computationally expensive to determine the higher-order cumulants c 6 and c 7 , we find it convenient to set these both to zero. This is not equivalent to choosing M = 5; rather, it is simply making the two approximations α 6 ≈ -1/2(c 3 /3!) 2 and α 7 ≈ -i[c 3 c 4 /3! 4!] within the M = 7 framework.
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Hence, using Equations (11) and (12), to order k 7 , we find:
Note that the first term in Equation (14) approximates the transition density of the future coupon bond price as distributed normally about the actual mean and variance of the coupon bond. Hence, as claimed previously, we can see that the cumulant expansion generates an expansion about a normal distribution. The remaining terms in Equation (14) improve upon this approximation.
It is more convenient, however, to rewrite Equation (14) using Equations (11) and (13):
This expansion results in a sum of simple integrals, which can easily be solved by noting that: (16) where the last line defines the coefficients a n j . Combining Equations (14) and (16), we find that the probability density can be written (17) where (18) The coefficients γ j are provided in Appendix B.
To price a swaption with strike K, we need to compute the date 0 probability that CB(T 0 ) will fall above the strike price. That is, we need to compute the integral: 
Note that all j can be solved in closed form and involve, at worst, the one-dimensional cumulative normal distribution function, for which there are standard numerical routines that do not require any numerical integration. We have thus obtained a very simple expression for the probability that the coupon bond price will be in the money. It involves only simple summations. In Appendix B we present the expressions for the coefficients γ j , j for j = 0, …, 7.
The swaption can then be written as (22) where γ 
II. NUMERICAL RESULTS
We consider two models: a three-factor Gaussian model and a two-factor CIR model. Since the approach is model-independent, a single program can be written for all models, needing only a call to a subroutine for each specific model. We choose M = 7 for the order of expansion, since it appears to offer an excellent compromise between speed and accuracy. For both cases, we compute prices of swaptions for various strikes and compare them to Monte Carlo simulated prices for accuracy. Note that the normalized highest-order cumulant provides a good estimate of the attained accuracy.
Three-Factor Gaussian Model
We consider a three-dimensional Gaussian model with state variable dynamics as follows: (23) where dz 14 The bond prices take the form (see Langetieg [1980] ):
where (25) (26) where we define ρ ii = 1.
Under the W forward measure, the state variables have the dynamics (27) The expectation of products of bond prices at some future date can be computed using the expression for the Laplace transform of the state variable under the forwardneutral measure: These formulas allow us to compute all the moments of the coupon bond price at the maturity date T 0 . We can thus compute the relevant cumulants (see Appendix A) and the parameters γ T i j , T i j to be used in Equation (22). The parameter values for the numerical illustration are given in Exhibit 1. Exhibits 2 and 3 show, respectively, the absolute and relative deviations of our approximation compared to a Monte Carlo solution.
The Monte Carlo prices are obtained using the exact (Gaussian) distribution of the state variable at maturity to avoid any time discretization bias. The number of simulations is set to obtain standard errors of order 10 -7 (2 million random draws with standard variance reduction techniques).
As the graphs show, the approximation is excellent. The absolute error relative to the true solution is less than a few parts in 10 -6 . The relative error is very small, less than a few parts in 10 -3 , with the biggest errors for highly out-of-the-money options, which have negligible values, thus making this type of metric somewhat misleading. The approximation takes less than 0.05 seconds to compute all 50 swaption prices (corresponding to different strikes).
Another advantage of the Edgeworth expansion approach is that the order of magnitude of the error term can be predicted by looking at the scaled cumulants (c k /k!c k 2 / 2 ). 15 In Exhibit 4, we present the mean, variance, and the third through fifth scaled cumulants for each of the (N + 1) = 21 measures. Two notable features are apparent.
First, the scaled cumulants decay quickly, which provides an indication of the appropriateness of the Edgeworth expansion approach. Further, it also provides an estimate of the truncation error. Indeed, at the rate at which the scaled cumulants are decaying, one can guess that the sixth scaled cumulant, and hence the error, is indeed of the order of 10 -6 . Second, the fifth scaled cumulants are nearly identical across measures. Hence, for time efficiency, one needs to calculate only the fifth scaled cumulant for a single measure. 
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Two-Factor CIR Model
To investigate whether these results are specific to the Gaussian case, we apply the same approach to a second example where the state variables do not follow a Gaussian process. We choose a standard two-factor CIR model of the term structure. The spot rate is defined as r = δ + x 1 + x 2 , where the two state variables follow independent square root processes: (32), we note that products of bond prices (with differing maturities) will take the form:
As in the Gaussian case, we can compute (for all relevant measures) the moments of the distribution of a coupon bond by noting 
(36)
where 
provided in Exhibit 5. Exhibits 6 and 7 show, respectively, the absolute and relative deviations of our approximation compared to a Monte Carlo solution. The Monte Carlo prices are obtained using a standard Euler discretization scheme of the stochastic differential equation. To reduce the time discretization bias, we choose a very small time step: dt = 3 ϫ 10 -5 . The number of simulations is set to obtain standard errors of order less than 10 -6 (e.g., 5 million paths with standard variance reduction techniques).
16
As the graphs show, the approximation is still excellent, although slightly less accurate than the three-factor Gaussian case. The absolute error relative to the true solution is less than a few parts in 10 -5
, and the relative error is very small, less than a few parts in 10 -2
. The approximation takes less than 0.2 seconds to compute all 50 swaption prices (corresponding to different strikes).
Exhibit 8 presents the mean, variance, and the third through fifth scaled cumulants for each of the (N + 1) = 21 measures. Note that the third cumulant is now negative. This can be understood as follows. Under the square root process, higher interest rates lead to higher volatility, in turn leading to an upward skew in interest rates, which produces a downward skew for (coupon) bond prices. Also note that the cumulants do not decay as quickly as in the Gaussian case, leading to a slightly larger error for this case. 17 Finally, note that the fifth scaled cumulants are not as similar as they were in the Gaussian case. Thus, for numerical efficiency one can choose to compute only two of them, corresponding to the shortest and longest forward measure maturities, and then estimate the others via interpolation as a function of forward measure maturity.
III. CONCLUSION
We have presented a new approach based on a cumulant expansion to price coupon bond options and hence swaptions in affine frameworks. Our approximation performs very well for both Gaussian and square root affine models. For example, for the three-factor Gaussian model, we obtain prices in fewer than 0.05 seconds and accurate to a few parts in 10 -6 . Given the size of fixed-income markets for swaps and swaps derivatives, this approach should attract widespread interest. Practitioners need fast and accurate formulas to mark to market and hedge their books of derivatives. Academics need fast and accurate solutions to estimate likelihood functions with multiple parameters. The cumulant expansion technique presented may prove useful in other applications in financial economics. First, it can be applied to so-called extended affine models that perfectly fit the initial term structure. These models basically relax the time homogeneity assumption for the state vector by making some parameters time-dependent. The latter are picked to fit the initially observed term structure (Hull and White [1990] , Dybvig [1997] ).
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Further, this approach should generalize to jumps within the affine structure (Duffie, Pan, and Singleton [2000] ), quadratic models (Longstaff [1989] , Beaglehole and Tenney [1991] , and Constantinides [1992] ), or to Heath, Jarrow, and Morton [1992] models or even random field models with a generalized affine structure; see Collin-Dufresne and Goldstein [2001] . Finally, the approach can be used to approximate the transition density of the state vector, which is useful to perform maximum-likelihood estimation of the parameters. For reference, here we provide the first seven cumulants {c i }, in terms of the moments {µ i }. A formula that relates cumulants and moments can be found in Gardiner [1983] . 
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